a r t i c l e i n f o a b s t r a c t We continue investigating the lattice (q(X), ⊆) of quasi-uniformities on a set X. In particular in this article we start investigating permutable pairs of quasi-uniformities. Among other things, we show that the Pervin quasi-uniformity of a topological space X permutes with its conjugate if and only if X is normal and extremally disconnected.
Introduction
It is well known that the set q( X) of all quasi-uniformities on a given set X yields a complete lattice provided that it is partially ordered under set-theoretic inclusion ⊆. That lattice (q(X), ⊆) was studied in [4] [5] [6] 8] . Some open questions in the area were discussed in [7] .
In the present article we embark on first investigations about permutable pairs of quasi-uniformities. Various deep results about permutable families of uniformities were recently obtained by Weber [25, 26] .
In the present article we prove among other things that a topological space X is normal and extremally disconnected if and only if the Pervin quasi-uniformity P of X and its conjugate P −1 permute.
Preliminary remarks
Let us first recall some definitions. We shall call a reflexive transitive (binary) relation on a set X a preorder. As usual, a preorder that is antisymmetric will be called a partial order. For binary relations A and B on a set X we set B • A = {(x, z) ∈ X × X : there is y ∈ X such that (x, y) ∈ A and (y, z) ∈ B}. For a subset C of a topological space X , C will denote the closure of C and int C the interior of C in X .
A filter U on X × X such that each U ∈ U is a reflexive relation and for each U ∈ U there is V ∈ U such that V • V ⊆ U is called a quasi-uniformity on X . For basic facts about quasi-uniformities we refer the reader to [11, 16] . In recent years studies on quasi-uniform spaces mainly concentrated on hyperspaces, asymmetric functional analysis, pointfree topology and applications of asymmetric topology to computer science (see e.g. [1, 10, 21, 22] ). We finish this section by citing some further concepts and results from the theory of quasi-uniform spaces that we shall use throughout this article. Note that for any quasi-uniformity U the filter U −1 = {U −1 : U ∈ U }, where U −1 = {(y, x) ∈ X × X: (x, y) ∈ U } denotes the relation inverse to U , is also a quasi-uniformity on X . A quasi-uniformity U satisfying U = U −1 is called a uniformity. The topology τ (U ) induced by U on X consists of all subsets G of X such that for each x ∈ G there is U ∈ U such that U (x) ⊆ G where U (x) = {y ∈ X: (x, y) ∈ U }. A quasi-uniformity is called transitive provided that it has a base of transitive relations [11, p. 27] .
The smallest element of the lattice (q(X), ⊆) is the indiscrete uniformity I = {X × X}, while the largest element of (q(X), ⊆) is the discrete uniformity D generated by the base { }, where = {(x, x): x ∈ X} is the diagonal of X . The lattice of preorders on a set X embeds as a sublattice (see [4, p. 3153] ) into the lattice of quasi-uniformities (q(X), ⊆) on X , via the embedding T → U T where for each preorder T , U T is the quasi-uniformity on X having the base {T }: Indeed if T 1 and T 2 are preorders on a set X , then U T 1 ∨ U T 2 is equal to U T 1 ∩T 2 , and if (T i ) i∈I is any nonempty family of preorders on X , then i∈I U T i is equal to U S where S is the preorder n∈N ( i∈I T i ) n (see [4, p. 3154] ; the proof given there for the case of two preorders works in general; compare with [25, p. 255 
]).
Two quasi-uniformities U and V on a set X are called complementary if U ∨ V = D and U ∧ V = I, where ∨ and ∧ denote the lattice operations of (q(X), ⊆).
For any subset A of X we set
Then for any subset A of X , S A is a preorder and C A is a partial order on X .
It is known that a quasi-uniformity U on a set X is an atom in (q(X), ⊆) 
Permutable pairs of quasi-uniformities
The theory of permuting (= commuting) pairs of equivalence relations is highly developed (compare e.g. [27] ). In [25, 26] Weber extended some of the results of this theory to permuting families of uniformities. On the other hand, very little seems to be known about the asymmetric case. In [28] Yan investigated pairs of permuting preorders. In the following we want to explore this idea in the spirit of Weber by studying more generally pairs of permuting quasi-uniformities.
Given two quasi-uniformities U and V on a set X , we let U • V be the filter on X × X generated by the base {U • V : U ∈ U , V ∈ V}. We shall say that U • V is symmetric provided that it is equal to the filter (U • V) − 
Of course for any set X , D and I permute with any quasi-uniformity U on X . Note that if a quasi-uniformity U permutes with a quasi-uniformity V, then U −1 permutes with V −1 , too. The following result should be compared with [ 
We next give an example of two quasi-uniformities U and V on a set X such that U • V is a quasi-uniformity, but U and V are not permutable (see also [28 
Proof. The statement follows from Example 2, since (U
In connection with Corollary 6 let us remark that Section 5 of the present paper is devoted to quasi-uniformities that permute with their conjugate. 
Similarly as above we show that (
We have shown that U and U permute, as asserted. 2 The following result and its proof should be compared with [25, Proposition 3.7] .
Permutable complements
i∈I be a chain of quasi-uniformities on a set X where each U i permutes with some given quasi-uniformity U on X . Then U and i∈I U i permute.
Proof. (a) By Lemma 1 and the fact that the family (U i ) i∈I is a chain, the quasi-uniformity i∈I (U ∧ U i ) has a base of the form {U
This base also generates the filter U • ( i∈I U i ) on X × X , which therefore is a quasi-uniformity and, thus, by Lemma 1, coincides with U ∧ ( i∈I U i ). Hence the equalities are established. 
Quasi-uniformities that permute with their conjugate
It is natural to ask which quasi-uniformities permute with their conjugate. Below we present a complete characterization of those Pervin quasi-uniformities of topological spaces that have this property. But the general, apparently difficult problem remains unresolved. Of course, trivially, each uniformity has the considered property. Also, for instance, for each linear order on a set X , obviously U and (U ) −1 are permutable complements in (q(X), ⊆) by Corollary 3. Among other things the following result can be applied to proximally nondiscrete anti-atoms of (q(X), ⊆) (see [4, rem 1]).
Example 5. Let A be a proper nonempty subset of a set X . Suppose that G is a quasi-uniformity on X such that C A ∈ G.
Then G ∩ G −1 = G • G −1 if and only if there is G ∈ G such that |G(x)| 2 whenever x ∈ X . (Note that the latter condition implies that G −1 • G is a quasi-uniformity by Remark 1 and Lemma 1.)
In order to prove the converse, suppose that
Suppose that a ∈ X and x, y ∈ H(a) such that x = a and y = a. It follows that a ∈ A and x, y ∈ X \ A, since H(a) ⊆ C A (a) and x and y are distinct from a.
Hence x = y. We conclude that |H(a)| 2 whenever a ∈ X . Hence the stated condition for G is satisfied. 
In order to prove the converse suppose that G and G −1 permute. (a) Let E be a free ultrafilter on a countably infinite set X and let x ∈ X . Let G be the quasi-uniformity on X generated by We shall use below the fact that a topological space X is extremally disconnected if and only if for any two open sets G 1 and G 2 of X we have [12, Theorem 3] . Let us sketch an argument for the nontrivial part of this statement: Indeed suppose that there is As usual, given an interior-preserving open collection C in a topological space X we shall define the transitive neighbornet (= neighborhood assignment) T C = C ∈C S C of X in the sense of the so-called Fletcher construction (compare [11, p. 29 
]).
Because of the aforementioned duality between the two properties of normality and extremal disconnectedness, in the following several arguments related to these properties look necessarily somewhat similar, but for the convenience of the reader we shall include both variants of proofs.
Lemma 2. Let W be a compatible quasi-uniformity on a topological space X that is finer than the Pervin quasi-uniformity of X .
Proof. (a) Suppose that W • W −1 is a (quasi-)uniformity, which is then indeed equal to the uniformity W ∧ W −1 according to Lemma 1. Let F 1 and F 2 be two arbitrary disjoint closed sets in X . Set P = S X\F 1 ∩ S X\F 2 . Then P ∈ W. Note that
2 which obviously cannot hold. We conclude that
are open sets containing F 1 resp. F 2 .
(b) We suppose that W −1 • W is a (quasi-)uniformity, which then equals W ∧ W −1 according to Lemma 1. Let G 1 and G 2 be two arbitrary disjoint open sets in X . Set P = S G 1 ∩ S G 2 . Then P ∈ W. Note that P −1 = S X\G 1 ∩ S X\G 2 and
Observe that P −1 • P ∈ W −1 • W, which by our assumption is equal to the quasi-uniformity 
Note that S = {S(x): x ∈ X} is a (locally) finite open partition of X . So T S belongs to the quasi-uniformity Q of X . Furthermore for each x ∈ X , T S (x) = S(x).
Observe that for each x ∈ X , we have T 
In order to reach a contradiction suppose that there is
∈ L y . However {L y : y ∈ X} is indeed a finite collection, since L is locally finite. Then using the property of nonempty finite collections of open sets in an extremally disconnected space stated above, we see that {L ∈ L: y / ∈ L} = ∅.
L (y): y ∈ X} is indeed a cover of X . Furthermore by symmetry and transitivity of S we see
Our next results describe the uniformities found in Lemma 3. In connection with Proposition 3 we recall that normal T 1 -spaces and extremally disconnected regular spaces are completely regular. Proposition 3. Let (X, τ ) be a topological space and let τ be the finest completely regular topology on X coarser than τ . Furthermore let (C ) * be the finest totally bounded compatible uniformity on the completely regular space (X, τ ). Let P (resp. P ) be the Pervin quasi-uniformity of (X, τ ) (resp. (X, τ ) ). Let (LF ) be the locally finite covering quasi-uniformity of τ . Moreover let φ be the fine uniformity of τ and let F be a compatible quasi-uniformity for τ that is finer than the locally finite covering quasi-uniformity LF of τ . In the remaining paragraphs of this section we shall make use of the notation introduced in Proposition 3, sometimes without further comments.
Corollary 8.
(a) Let X be a topological space such that P • P −1 (resp. P −1 • P) is a uniformity. Then this uniformity is equal to (C ) * . (b) Let X be a topological space such that F • F −1 (resp. F −1 • F ) is a uniformity. Then this uniformity is equal to φ .
Proof. The statement is obvious by Lemma 1 and Proposition 3. 2 Remark 3. Note that in Lemma 3 for a normal space X the uniformity P • P −1 is not transitive in general: Consider the real unit interval I with the usual topology. Then for the Pervin quasi-uniformity P of I , we have P • P −1 = P ∧ P −1 , which is the usual (nontransitive) Euclidean uniformity (C * ) on I [6, Example 2] . On the other hand for any extremally disconnected space X the uniformity P −1 • P is transitive, as the proof of Lemma 3 shows. (Obviously a similar result holds for LF and φ , instead of P and (C * ) .) Corollary 9. Let Q be the Pervin or the locally finite covering quasi-uniformity of a topological space X . A topological space X is called orthocompact [11, p. 100] provided that for each open cover C of X there is a preorder T on X such that {T (x): x ∈ X} is an open refinement of C.
Recall that a topological space X is called almost 2-fully normal (see e.g. [20, Theorem 2.6] ) provided that the set N of all neighborhoods in X × X of the diagonal of X forms a uniformity on the set X . The latter class of spaces is known under various other names, such as divisible spaces or functionally -paracompact spaces (see [3, p. 2262] ). Some further names of this property were listed in [17, p. 173] . It is known that each almost 2-fully normal space is collectionwise normal (compare [20, Theorem 2.9] ). For a definition of the latter concept see e.g. [9, p. 305] .
We next investigate how almost 2-full normality (as a strong normality property) is related to the problem under consideration.
Proposition 4.
Let X be an almost 2-fully normal space and let F be a compatible quasi-uniformity on X that is finer than its locally finite covering quasi-uniformity. Then F • F −1 is a uniformity. 
In particular τ (φ ) ⊆ τ (N ).
On the other hand, by our assumption on X , since the uniformity N of τ × τ -neighborhoods of induces a completely regular topology on X coarser than the topology of X , we see that τ (φ ) = τ (N ) and thus N ⊆ φ .
We conclude that F • F −1 = φ is a uniformity. 2
The next example shows that the converse of Proposition 4 does not hold.
Example 8.
The following space Y attributed to Bing was discussed by Cohen in [2] . Let Y = ω 1 × (ω 1 + 1), where in the topological product each point of ω 1 × ω 1 has been made isolated. Let F be a compatible quasi-uniformity on Y that is finer than the locally finite covering quasi-uniformity of Y . We are going to prove that F • F −1 is a uniformity, although the space Y is known not to be almost 2-fully normal (see [2] ). [11, p. 3] ). We want to show that we can find a locally finite open cover
For each α ∈ ω 1 \ {0} we find β α < α and γ α ∈ ω 1 ω 1 ) . By the Pressing-Down Lemma (see e.g. [19, p. 153] ) there are β ∈ ω 1 and an uncountable set A ⊆ ω 1 such that β α < β < α whenever α ∈ A.
Note that C is a locally finite open cover of Y , since indeed each member of C hits only finitely many members of C.
We finally show that Proof. Let U be a τ × τ -neighborhood of the diagonal of X . Then there is an open cover C of (X, τ ) such that C ∈C (C × C ) ⊆ U . By orthocompactness of X let T be a transitive neighbornet on (X, τ ) such that {T (x): x ∈ X} refines C. Then Of course, by Lemma 3, P • P −1 as well as LF • (LF ) −1 (where P denotes the Pervin quasi-uniformity and LF denotes the locally finite covering quasi-uniformity of G) are uniformities, since G is normal.
Example 10. We continue our discussion of Example 6(a). Recall that X is a countably infinite set and x ∈ X . Furthermore E is a free ultrafilter on X . We considered the quasi-uniformity G on X generated by the base { ∪ ({x} × E): E ∈ E}.
One readily verifies that (X, τ (G) ) is an almost 2-fully normal, extremally disconnected T 1 -space. Obviously G is the fine quasi-uniformity of the topological space (X, τ (G) ). Furthermore φ = G • G −1 is the fine uniformity of (X, τ (G) ), but G −1 • G is not a quasi-uniformity on X (compare Proposition 4).
Problem 1.
Characterize those (extremally disconnected) topological spaces X such that Z −1 • Z is a uniformity, where Z denotes the fine quasi-uniformity of X (compare Lemma 2).
Problem 2.
Characterize those topological spaces X for which Z and Z −1 permute, where Z is the fine quasi-uniformity of X .
